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A technical lemma for congruences of finite lattices
G. Gra¨tzer
Abstract. The classical Technical Lemma for congruences is not difficult to prove
but it is very efficient in its applications. We present here a Technical Lemma for
congruences on finite lattices. This is not difficult to prove either but it has already
has proved its usefulness in some applications.
Here is the classical Technical Lemma for congruences, see G. Gra¨tzer and
E.T. Schmidt [8] and F. Maeda [10].
Lemma 1. A reflexive binary relation α on a lattice L is a congruence relation
iff the following three properties are satisfied for any x, y, z, t ∈ L:
(i) x ≡ y (mod α) iff x ∧ y ≡ x ∨ y (mod α).
(ii) Let x ≤ y ≤ z; then x ≡ y (mod α) and y ≡ z (mod α) imply that x ≡ z
(mod α).
(iii) x ≤ y and x ≡ y (mod α) imply that x∨t ≡ y∨t (mod α) and x∧t ≡ y ∧ t
(mod α).
I stated and proved this Technical Lemma in all my lattice theory books,
see for instance, [3, Lemma I.3.8], [4, Lemma 1.1], and [5, Lemma 11]. Witness
the numerous references to this lemma, for instance, in [5]. The lemma is not
difficult to prove, but it surely saves a lot of computation wherever we need
to prove that a reflexive binary relation is a congruence relation.
In some recent research, G. Cze´dli and I, see [1], [2] and [6], [7] spent quite
an effort in proving that some equivalence relations on a planar semimodular
lattices with intervals as equivalence classes are congruences. The number of
cases we had to consider was dramatically cut by the following result.
Lemma 2. Let L be a finite lattice. Let δ be an equivalence relation on L
with intervals as equivalence classes. Then δ is a congruence relation iff the
following condition and its dual hold:
If x is covered by y, z ∈ L and x ≡ y (mod δ), then z ≡ y ∨ z (mod δ). (C∨)
Proof. First, we prove the join-substitution property: if x ≤ y and x ≡ y
(mod δ), then
x ∨ z ≡ y ∨ z (mod δ). (1)
This is trivial if y = z, so we assume that y 6= z. Clearly, we can also
assume that x < y and x < z.
Let U = [x, y ∨ z]. We induct on lenU , the length of U .
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Using the fact that the intersection of two convex sublattices is either ∅ or
a convex sublattice, it follows that, for every interval V of L, the classes of
δ⌉V are intervals. Hence, we can assume that x = y∧ z; indeed, otherwise the
induction hypothesis applies to V = [y∧z, y∨z] and δ⌉V , since lenV < lenU ,
yielding (1).
Note that lenU ≥ 2. If lenU = 2, then (1) is stated in (C∨).
So we can also assume that lenU > 2. Pick the elements y1, z1 ∈ L so that
x ≺ y1 ≤ y and x ≺ z1 ≤ z. The elements y1 and z1 are distinct, since y1 = z1
would contradict that x = y∧ z = y1∧ z1. Let w = y1∨ z1. Since the δ-classes
are intervals, x ≡ y1 (mod δ), therefore, (C∨) yields that
z1 ≡ w (mod δ). (2)
Let I = [y1, y ∨ z] and J = [z1, y ∨ z]. Then len I, len J < lenU . Hence, the
induction hypothesis applies to I and δ⌉I, and we obtain that w ≡ y ∨ w
(mod δ). Combining this with (2), by the transitivity of δ, we conclude that
z1 ≡ y ∨ w (mod δ). (3)
Therefore, applying the induction hypothesis to J and δ⌉J , we conclude from
(3) that
x ∨ z = z ∨ z1 ≡ z ∨ (y ∨w) = y ∨ z (mod δ),
proving (1).
Second, we get the meet-substitution property by duality. 
Observe that for a finite semimodular lattice (C∨) states that we have to
check the join-substitution property only in covering-square sublattices.
Note that Lemma 2 holds in any lattice L in which every interval has a
finite length.
I hope that others, working with congruences of finite lattices, will also find
this new Technical Lemma useful.
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